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Àííîòàöèÿ

Â äàííîé ñòàòüå ðåøàþòñÿ äâå ñèñòåìû �óíêöèîíàëüíûõ óðàâíåíèé,

êîòîðûå âîçíèêàþò âñëåäñòâèå ðåøåíèÿ çàäà÷è âëîæåíèÿ àääèòèâíîé

è ìóëüòèïëèêàòèâíîé äâóìåòðè÷åñêîé �åíîìåíîëîãè÷åñêè ñèììåòðè÷-

íîé ãåîìåòðèè ðàíãà (2,2) â îäíó èç äâóìåòðè÷åñêèõ �åíîìåíîëîãè÷å-

ñêè ñèììåòðè÷íûõ ãåîìåòðèé ðàíãà (3,2). Â ïðîöåññå ïîèñêà íåâûðîæ-

äåííûõ ðåøåíèé èñõîäíûõ ñèñòåì �óíêöèîíàëüíûõ óðàâíåíèé ñíà÷àëà

ñâîäèì èõ ê ñèñòåìàì äè��åðåíöèàëüíûõ óðàâíåíèé. Çàòåì ñ ðåøåíè-

ÿìè ïîëó÷åííûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé âîçâðàùàåìñÿ

â èñõîäíûå ñèñòåìû �óíêöèîíàëüíûõ óðàâíåíèé, îòêóäà íàõîäÿòñÿ äî-

ïîëíèòåëüíûå îãðàíè÷åíèÿ.

Êëþ÷åâûå ñëîâà è �ðàçû

Êëþ÷åâûå ñëîâà è �ðàçû: ãåîìåòðèÿ äâóõ ìíîæåñòâ, Æîðäàíîâà �îð-

ìà ìàòðèöû, ñèñòåìà �óíêöèîíàëüíûõ óðàâíåíèé, ñèñòåìà äè��åðåí-

öèàëüíûõ óðàâíåíèé.
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Abstra
t

In this arti
le, we solve two systems of fun
tional equations that arise as a

result of solving the problem of embedding an additive and multipli
ative

two-dimensional phenomenologi
ally symmetri
 geometry of rank (2,2) into

one of the two-dimensional phenomenologi
ally symmetri
 geometries of

rank (3,2). In the pro
ess of sear
hing for non-degenerate solutions of the

original systems of fun
tional equations, we �rst redu
e them to systems

of di�erential equations. Then, with the solutions of the obtained systems

of di�erential equations, we return to the original systems of fun
tional

equations, from whi
h additional 
onstraints are found.

Keywords

geometry of two sets, Jordan form of a matrix, system of fun
tional

equations, system of di�erential equations.

For 
itation

Kyrov V.A. Solution of two systems of fun
tional equations //Mat. Trudy,

2025, V. 28, N 2, P. 87-101. DOI 10.25205/1560-750X-2025-28-2-87-101

Ââåäåíèå.

Êàê èçâåñòíî, äâóìåòðè÷åñêàÿ �åíîìåíîëîãè÷åñêè ñèììåòðè÷íàÿ ãåî-

ìåòðèÿ äâóõ ìíîæåñòâ (ÄÔÑ �ÄÌ) ðàíãà (n+1,2), ãäå n ∈ N, çàäàåòñÿ íà

äâóìåðíîì è 2n-ìåðíîì äè��åðåíöèðóåìûõ ìíîãîîáðàçèÿõ M è N äè�-

�åðåíöèðóåìîé �óíêöèåé (äâóõêîìïîíåíòíîé �óíêöèåé) f : M ×N → R2

ñ îòêðûòîé è ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ â M × N , ñîïîñòàâëÿþùåé

ïàðå òî÷åê äâà äåéñòâèòåëüíûõ ÷èñëà f = (f 1, f 2) [1, 2℄. Â êîîðäèíàòàõ:

f = f(x, y, ξ1, ξ2, ..., ξ2n),

ãäå (x, y) è (ξ1, ξ2, ..., ξ2n) � ëîêàëüíûå êîîðäèíàòû â ìíîãîîáðàçèÿõ M è

N ñîîòâåòñòâåííî.

Äîïîëíèòåëüíî âûïîëíÿþòñÿ ñëåäóþùèå àêñèîìû:

Àêñèîìà 1. Êîîðäèíàòíîå ïðåäñòàâëåíèå �óíêöèè f íåâûðîæäåíî îò-

íîñèòåëüíî äâóõ êîîðäèíàò x, y è 2n êîîðäèíàò ξ1, ξ2, ..., ξ2n.
Íåâûðîæäåííîñòü �óíêöèè f âûðàæàåòñÿ íåîáðàùåíèåì â íóëü ÿêî-

áèàíîâ:

∂(f 1(i, α), f 2(i, α))/∂(xi, yi) 6= 0,

∂
(
f 1(i1, α), f

2(i1, α), ..., f
1(in, α), f

2(in, α)
)
/∂
(
ξ1α, ξ

2
α, ..., ξ

2n
α

)
6= 0,

ãäå (xi, yi) � êîîðäèíàòû òî÷êè i ∈ M , à

(
ξ1α, ξ

2
α, ..., ξ

2n
α

)
� êîîðäèíàòû

òî÷êè α ∈ N.
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Àêñèîìà 2. Äëÿ ïëîòíîãî è îòêðûòîãî ìíîæåñòâà òî÷åê (i1, i2, ..., in+1,
α1, α2) ∈ Mn+1 ×N2

âñå 4(n+1) çíà÷åíèé �óíêöèè f ñâÿçàíû óðàâíåíèåì

Φ(f 1
(
i1, α1), f

2(i1, α1), ..., f
1(in+1, α2), f

2(in+1, α2)
)
= 0,

ãäå Φ = (Φ1,Φ2) � äâóõêîìïîíåíòíàÿ ðåãóëÿðíàÿ �óíêöèÿ 4(n+1) ïåðå-

ìåííûõ.

Äâóìåòðè÷åñêèå �åíîìåíîëîãè÷åñêè ñèììåòðè÷íûå ãåîìåòðèè äâóõ

ìíîæåñòâ ïîÿâèëèñü â òåîðèè �èçè÷åñêèõ ñòðóêòóð, ðàçðàáîòàííîé Þ.È.

Êóëàêîâûì è �.�. Ìèõàéëè÷åíêî [3, 4℄. Êëàññè�èêàöèÿ ýòèõ ãåîìåòðèé

ïîëó÷åíà �.�. Ìèõàéëè÷åíêî, êîòîðóþ ìîæíî íàéòè â ðàáîòàõ [1, 2, 5, 6,

7℄. Îíà ñîäåðæèò â ñåáå òðè ãåîìåòðèè:

äëÿ n=1:

f 1 = x+ ξ, f 2 = y + η;

f 1 = (x+ ξ)y, f 2 = (x+ ξ)η,

äëÿ n=2:

f 1 = xξ + µ, f 2 = xη + yξc + ν, c 6= 1.

Ïóñòü �óíêöèÿ g = (g1, g2) = g(x, y; ξ1, . . . , ξ2n) çàäàåò ÄÔÑ �ÄÌ ðàíãà

(n+1,2), à �óíêöèÿ f = (f 1, f 2) = f(x′, y′; η1, . . . , η2n, η2n+1, η2n+2) � ÄÔÑ

�ÄÌ ðàíãà (n+2,2), ãäå n = 1,2,3.

Îïðåäåëåíèå.([5℄) Áóäåì ãîâîðèòü, ÷òî ÄÔÑ �ÄÌ ðàíãà (n+1,2) âëî-

æåíà â ÄÔÑ �ÄÌ ðàíãà (n+2,2), åñëè âûïîëíÿåòñÿ �óíêöèîíàëüíîå ñî-

îòíîøåíèå

f
(
x′, y′; η1, . . . , η2n, η2n+1, η2n+2

)
= χ

(
g
(
x, y; ξ1, . . . , ξ2n

)
, ξ2n+1, ξ2n+2

)
,

ãäå χ = χ(g1, g2, ξ2m+1, ξ2n+2), x′ = λ1 (x, y) , y′ = λ2 (x, y) ,
η1 = τ 1 (ξ1, . . . , ξ2n, ξ2n+1, ξ2n+2) , . . . , η2n = τ 2n(ξ1, . . . , ξ2n, ξ2n+1, ξ2n+2),
η2n+1 = τ 2n+1 (ξ1, . . . , ξ2n, ξ2n+1, ξ2n+2) , η2n+2 = τ 2n+2(ξ1, . . . , ξ2n, ξ2n+1, ξ2n+2)
� äè��åðåíöèðóåìûå �óíêöèè, ïðè÷åì âûïîëíÿþòñÿ íåðàâåíñòâà:

∆ =
∂(x′, y′)

∂(x, y)
6= 0, ⊔⊓ =

∂(η1, . . . , , η2n+2)

∂(ξ1, . . . , ξ2n+2)
6= 0.

Â ðàáîòå [5℄ äîêàçàíî, ÷òî â êàæäóþ ÄÔÑ �ÄÌ ðàíãà (n+2,2) âëîæåíà

ïî êðàéíåé ìåðå îäíà èç ÄÔÑ �ÄÌ ðàíãà (n+1,2), ãäå n = 1,2,3.

Â äàííîé ñòàòüå ñòàâèòñÿ çàäà÷à î íàõîæäåíèè âñåõ âîçìîæíûõ âëî-

æåíèé ÄÔÑ �ÄÌ ðàíãà (2,2) ñ äâóõêîìïîíåíòíûìè �óíêöèÿìè

g1 = x+ ξ, g2 = y + η;

g1 = (x+ ξ)y, g2 = (x+ ξ)η,
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â ÄÔÑ �ÄÌ ðàíãà (3,2) ñ äâóõêîìïîíåíòíîé �óíêöèåé

f 1 = xξ + µ, f 2 = xη + yξc + ν, c 6= 1.

�åøåíèå ýòîé çàäà÷è ñâîäèòñÿ ê ðåøåíèþ ñèñòåì �óíêöèîíàëüíûõ óðàâ-

íåíèé.

Â ðàáîòå [8℄ áûëà ðåøåíà ïîäîáíàÿ çàäà÷à î âëîæåíèè àääèòèâíîé ÄÔÑ

�ÄÌ ðàíãà (2,2) ñ äâóõêîìïîíåíòíîé �óíêöèåé

g1 = x+ ξ, g2 = y + η

â ÄÔÑ �ÄÌ ðàíãà (3,2) ñ äâóõêîìïîíåíòíîé �óíêöèåé

f 1 = xξ + yµ, f 2 = xη + yν;

â ðàáîòå [7℄ ðåøåíà çàäà÷à âëîæåíèÿ ìóëüòèïëèêàòèâíîé ÄÔÑ �ÄÌ ðàíãà

(2,2)

g1 = (x+ ξ)y, g2 = (x+ ξ)η

â ìóëüòèïëèêàòèâíóþ ÄÔÑ �ÄÌ ðàíãà (3,2)

f 1 = xξ + yµ, f 2 = xη + yν;

â ðàáîòå [9℄ ðåøåíà çàäà÷à âëîæåíèÿ ÄÔÑ �ÄÌ ðàíãà (3,2), ñâÿçàííûõ ñ

êîìïëåêñíûìè, äâîéíûìè è äóàëüíûìè ÷èñëàìè

g1 = xξ + εyη + µ, g2 = xη + yξ + ν, ε = −1, 1, 0

â à��èííóþ ÄÔÑ �ÄÌ ðàíãà (4,2)

f 1 = xξ + yµ+ ρ, f 2 = xη + yν + τ,

à â ðàáîòå [10℄ ðåøåíà çàäà÷à âëîæåíèÿ ìóëüòèïëèêàòèâíîé ÄÔÑ �ÄÌ

ðàíãà (3,2)

f 1 = xξ + yµ, f 2 = xη + yν

â à��èííóþ ÄÔÑ �ÄÌ ðàíãà (4,2)

f 1 = xξ + yµ+ ρ, f 2 = xη + yν + τ.
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�1. Ïîñòàíîâêà ïåðâîé çàäà÷è.

Âûøå ñ�îðìóëèðîâàííàÿ çàäà÷à íàõîæäåíèÿ âñåõ âëîæåíèé àääèòèâ-

íîé ÄÔÑ �ÄÌ ðàíãà (2,2) ñ äâóõêîìïîíåíòíîé �óíêöèåé g(x, y, ξ, η) =
(g1, g2) = (x+ ξ, y+ η) â ÄÔÑ �ÄÌ ðàíãà (3,2) ñ äâóõêîìïîíåíòíîé �óíê-

öèåé f(x, y, ξ, η, µ, ν) = (f 1, f 2) = (xξ + µ, xη + yξc + ν), c 6= 1 ñâîäèòñÿ ê

ðåøåíèþ ñèñòåìû äâóõ �óíêöèîíàëüíûõ óðàâíåíèé

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν), x̄η̄ + ȳξ̄c + ν̄ = χ2(x+ ξ, y + η, µ, ν), c 6= 1,

ãäå x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν), η̄ = η̄(ξ, η, µ, ν), µ̄ = µ̄(ξ, η, µ, ν),
ν̄ = ν̄(ξ, η, µ, ν) � äè��åðåíöèðóåìûå �óíêöèè.

Ââåä¼ì îáîçíà÷åíèÿ, êîòîðûå áóäóò èñïîëüçîâàòüñÿ íèæå: Ξ̄ =

(
ξ̄ 0
η̄ ξ̄c

)
,

Ξ =

(
ξ 0
η ξc

)
, R̄ =

(
µ̄
ν̄

)
, Λ =

(
α β
γ δ

)
, A1 =

(
a3
a4

)
, B1 =

(
b3
b4

)
, X =

(
x
y

)
,

X̄ =

(
x̄
ȳ

)
, χ =

(
χ1

χ2

)
, Ξ̂ =

(
ξ̂ 0

η̂ ξ̂c

)
, R̂ =

(
µ̂
ν̂

)
, Ξ1 =

(
ξ
η

)
, ξ̂ = ξ̂(µ, ν), η̂ =

η̂(µ, ν), µ̂ = µ̂(µ, ν), ν̂ = ν̂(µ, ν), p̂ = p̂(µ, ν), q̂ = q̂(µ, ν), x̂ = x̂(y), ŷ = ŷ(y) �
äè��åðåíöèðóåìûå �óíêöèè.

Òîãäà, èñõîäíàÿ ñèñòåìà �óíêöèîíàëüíûõ óðàâíåíèé ïðèíèìàåò ïðî-

ñòîé ìàòðè÷íûé âèä:

Ξ̄X̄ + R̄ = χ. (1)

Âëîæåíèå îêàçûâàåòñÿ âîçìîæíûì, åñëè ñèñòåìà (1) èìååò õîòÿ áû îä-

íî íåâûðîæäåííîå ðåøåíèå, óäîâëåòâîðÿþùåå ñëåäóþùèì äâóì óñëîâèÿì:

∆ =
∂(x̄, ȳ)

∂(x, y)
6= 0, ⊔⊓ =

∂(ξ̄, η̄, µ̄, ν̄)

∂(ξ, η, µ, ν)
6= 0. (2)

Äàëåå íàõîäèì íåâûðîæäåííûå ðåøåíèÿ ñèñòåìû (1). Îòìåòèì, ÷òî ìàò-

ðèöà Ξ̄ íåâûðîæäåíà, ïîñêîëüêó èíà÷å ξ̄c+1 = 0, ÷òî ïðîòèâîðå÷èò íåðà-

âåíñòâó ⊔⊓ 6= 0 â (2).
Äè��åðåíöèðóåì ìàòðè÷íîå óðàâíåíèå (1) ïî ïåðåìåííûì x, y, ξ, η:

Ξ̄X̄x = χu, Ξ̄X̄y = χv, Ξ̄ξX̄ + R̄ξ = χu, Ξ̄ηX̄ + R̄η = χv, (3)

ãäå u = x+ ξ, v = y + η.
Äàëåå, èñêëþ÷àåì â ïîëó÷åííûõ ñîîòíîøåíèÿõ ïðîèçâîäíûå χu, χv:

Ξ̄X̄x = Ξ̄ξX̄ + R̄ξ, Ξ̄X̄y = Ξ̄ηX̄ + R̄η
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èëè

X̄x = Ξ̄−1Ξ̄ξX̄ + Ξ̄−1R̄ξ, X̄y = Ξ̄−1Ξ̄ηX̄ + Ξ̄−1R̄η. (4)

Òåîðåìà 1. Îáùåå íåâûðîæäåííîå ðåøåíèå �óíêöèîíàëüíîãî óðàâíå-

íèÿ (1) ïðè c 6= 0, c 6= 1, ñ òî÷íîñòüþ äî ïîäõîäÿùåé çàìåíû êîîðäèíàò,

ìîæåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå:

X̄ = ΛX + A1, Ξ̄ = Ξ̂, R̄ = R̂ + Ξ̂ΛΞ1, χ = Ξ̂Λ(X + Ξ1) + R̂, (5)

ïðè÷åì Λ = 
onst, A1 = 
onst;





x̄ = βy + a3, ȳ = γx+ b2βy
2/2 + (b2a3 + δ)y + b3,

ξ̄ = ξ̂, η̄ = b2ηξ̂
c + η̂,

µ̄ = βηξ̂ + µ̂, ν̄ = γξξ̂c + βb2η
2ξ̂c/2 + βηη̂ + δηξ̂c + ν̂,

χ1 = βvξ̂ + µ̂+ a3ξ̂,

χ2 = γuξ̂c + βb2v
2ξ̂c/2 + βvη̂ + (b2a3 + δ)vξ̂c + ν̂ + a3η̂ + b3ξ̂

c;

(6)





x̄ = αx+ βy + a3,
ȳ = αb1x

2/2 + βb1xy + βb2y
2/2 + (a3b1 + γ)x+ (a3b2 + δ)y + b3,

ξ̄ = ξ̂, η̄ = (b1ξ + b2η)ξ̂
c + η̂,

µ̄ = β(b1ξ + b2η)ξ̂ + µ̂,

ν̄ = γξξ̂c + β(b1ξ + b2η)
2ξ̂c/2 + β(b1ξ + b2η)η̂ + δ(b1ξ + b2η)ξ̂

c + ν̂,

χ1 = β(b1u+ b2v)ξ̂ + µ̂+ a3ξ̂,

χ2 = γuξ̂c + β(b1u+ b2v)
2ξ̂c/2 + β(b1u+ b2v)η̂

+(a3 + δ)(b1u+ b2v)ξ̂
c + ν̂ + a3η̂ + b3ξ̂

c;

(7)





x̄ = a3e
a1x+a2y − α/a1, ȳ = b3e

c(a1x+a2y) − γ/ca1,

ξ̄ = ξ̂ea1ξ+a2η, η̄ = η̂ea1ξ+a2η,

µ̄ = ξ̂ea1ξ+a2ηαa2/a
2
1 + µ̂, ν̄ = η̂ea1ξ+a2ηαa2/a

2
1 + ξ̂cea1ξ+a2ηγa2/a

2
1 + ν̂,

χ1 = a3ξ̂e
a1u+a2v + µ̂, χ2 = a3η̂e

a1u+a2v + b3ξ̂
cea1u+a2v + ν̂,

(8)

a1 6= 0, a2 6= 0, a1β = a2α, a1δ = a2γ, a1, a2, a3, b1, b2, b3, α, β, γ, δ = 
onst.
Òåîðåìà 2. Îáùåå íåâûðîæäåííîå ðåøåíèå �óíêöèîíàëüíîãî óðàâíå-

íèÿ (1) ïðè c = 0, ñ òî÷íîñòüþ äî ïîäõîäÿùåé çàìåíû êîîðäèíàò, ìîæåò

áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå:

X̄ = ΛX + A1, Ξ̄ = Ξ̂, R̄ = R̂ + Ξ̂ΛΞ1, χ = Ξ̂Λ(X + Ξ1) + R̂, (9)

ïðè÷åì Λ = 
onst, A1 = 
onst;





x̄ = βy + a3, ȳ = γx+ b2βy
2/2 + (b2a3 + δ)y + b3,

ξ̄ = ξ̂, η̄ = b2η + η̂,

µ̄ = βηξ̂ + µ̂, ν̄ = γξ + βb2η
2/2 + βηη̂ + δη + ν̂,

χ1 = βvξ̂ + µ̂+ a3ξ̂,
χ2 = γu+ βb2v

2/2 + βvη̂ + (b2a3 + δ)v + ν̂ + a3η̂ + b3;

(10)
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



x̄ = (a3e
a1x+a2y − β)/a2, ȳ = γx+ δy + b3,

ξ̄ = ξ̂ea1ξ+a2η, η̄ = η̂ea1ξ+a2η,

µ̄ = ξ̂ea1ξ+a2ηβ/a2 + µ̂, ν̄ = η̂ea1ξ+a2ηβ/a2 + γξ + δη + ν̂,

χ1 = ξ̂ea1u+a2va3/a2 + µ̂, χ2 = η̂ea1u+a2va3/a2 + γu+ δv + b3 + ν̂,

(11)

a2 6= 0, a1β = a2α, a1, a2, a3, b1, b2, b3, α, β, γ, δ = 
onst.
Ïîäðîáíî äîêàæåì òîëüêî òåîðåìó 1. Òåîðåìà 2 äîêàçûâàåòñÿ àíàëî-

ãè÷íî.

Äîêàçàòåëüñòâî òåîðåìû 1. Ñèñòåìó (4) ïåðåïèøåì â ñëåäóþùåì

âèäå:

X̄x = ĀX̄ + Ā1, X̄y = B̄X̄ + B̄1, (12)

ïðè÷åì Ā = Ξ̄−1Ξ̄ξ =

( (
ln ξ̄
)
ξ

0(
η̄/ξ̄
)
ξ
/ξ̄c−1 c

(
ln ξ̄
)
ξ

)
=

(
a1 0
b1 ca1

)
, Ā1 =

(
α
γ

)
,

B̄ = Ξ̄−1Ξ̄η =

( (
ln ξ̄
)
η

0(
η̄/ξ̄
)
η
/ξ̄c−1 c

(
ln ξ̄
)
η

)
=

(
a2 0
b2 ca2

)
, B̄1 =

(
β
δ

)
, ãäå

a1, a2, b1, b2, α, β, γ, δ � äè��åðåíöèðóåìûå �óíêöèè ïåðåìåííûõ ξ, η, µ, ν.
Ëåììà 1. Â ñèñòåìå (12) Ā = 
onst, B̄ = 
onst, Ā1 = 
onst è B̄1 =


onst.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðîäè��åðåíöèðóåì ïåðâîå óðàâíå-

íèå â (12) ïî x è ξ, à òàêæå ïî y è ξ: ĀξX̄x = 0, ĀξX̄y = 0, ñëåäîâàòåëüíî, ñî-
ãëàñíî ïåðâîìó íåðàâåíñòâó â (2) ïîëó÷àåì Āξ = 0. Åñëè àíàëîãè÷íî äè�-
�åðåíöèðîâàòü ïî η, µ, ν, à òàêæå ïî x è y, òî ïîëó÷èì Āη = Āµ = Āν = 0,
ñëåäîâàòåëüíî Ā = 
onst. Àíàëîãè÷íî ïîñòóïàÿ ñî âòîðûì óðàâíåíèåì â

(12), èìååì B̄ = 
onst. Çàòåì âîçâðàùàÿñü â (12), ïîëó÷àåì Ā1 = 
onst è

B̄1 = 
onst.

Ëåììà 2. Ìàòðèöû Ā è B̄ êîììóòàòèâíû, òî åñòü ĀB̄ − B̄Ā = 0 èëè

a1b2 − a2b1 = 0.
Äîêàçàòåëüñòâî. Äëÿ ïðîâåðêè êîììóòàòèâíîñòè ìàòðèö, íåîáõîäèìî

ïåðâîå óðàâíåíèå â (12) ïðîäè��åðåíöèðîâàòü ïî y, à âòîðîå ïî x, ïî-
ñëå ÷åãî ïðèðàâíÿòü ïðàâûå ÷àñòè: ĀX̄y = B̄X̄x. Çàòåì âîñïîëüçîâàâøèñü

âûðàæåíèÿìè (12), ïîëó÷àåì Ā(B̄X̄ + B̄1) = B̄(ĀX̄ + Ā1). Ñðàâíèâàÿ êî-

ý��èöèåíòû ïåðåä X̄, äîêàçûâàåì êîììóòàòèâíîñòü ìàòðèö Ā è B̄.
Ëåììà 3. Ôóíêöèè ξ̄ è η̄ ñ äîïîëíèòåëüíûì óñëîâèåì b1 = 0, b2 6=

0, a1 = a2 = 0 èìåþò ñëåäóþùèå ÿâíûå ïðåäñòàâëåíèÿ:

ξ̄ = ξ̂, η̄ = b2ηξ̂
c + η̂,

c 6= 1, c 6= 0.
Äîêàçàòåëüñòâî ñëåäóåò èç ÿâíûõ âûðàæåíèé äëÿ ìàòðèö Ā è B̄.
Âîçâðàùàåìñÿ ê äîêàçàòåëüñòâó òåîðåìû. Ïóñòü ñíà÷àëà Ā = 0, òî-

ãäà èç ïåðâîãî óðàâíåíèÿ â (12) ïîëó÷àåì X̄ = x

(
α
γ

)
+

(
x̂
ŷ

)
, ïðè÷åì,
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â ñèëó ïåðâîãî íåðàâåíñòâà èç (2), α2 + γ2 6= 0. Ïîäñòàâëÿåì âî âòîðîå

óðàâíåíèå:

(
x̂′

ŷ′

)
= B̄

(
x

(
α
γ

)
+

(
x̂
ŷ

))
+ B̄1, ñëåäîâàòåëüíî B̄

(
α
γ

)
= 0,

(
x̂′

ŷ′

)
= B̄

(
x̂
ŷ

)
+ B̄1. Î÷åâèäíî, det B̄ = ca22 = 0, òîãäà a2 = 0. Âîç-

ìîæíû äâà ñëó÷àÿ: b2 = 0 è b2 6= 0. Â ïåðâîì ñëó÷àå èç (12) ïîëó÷à-

åì X̄ = ΛX + A, äàëåå âîçâðàùàÿñü â (4) è (1), ïðèõîäèì ê (9), ïðè

ýòîì ó÷èòûâàåì ëåììó 3. Âî âòîðîì ñëó÷àå ïîëó÷àåì x̄ = αx + βy + a3,
ȳ = γx+ αb2xy + b2βy

2/2 + (b2a3 + δ)y + b3. Âîñïîëüçîâàâøèñü ðàâåíñòâîì
ñìåøàííûõ ïðîèçâîäíûõ, ïîëó÷àåì αb2 = 0, ïîýòîìó α = 0. Òîãäà áóäåì
èìåòü x̄ = βy + a3, ȳ = γx + b2βy

2/2 + (b2a3 + δ)y + b3. Äàëåå âîñïîëüçî-

âàâøèñü ëåììîé 3, ïîëó÷àåì ξ̄ = ξ̂, η̄ = b2ηξ̂
c + η̂. Èç ðàâåíñòâ (4) è (3)

âûòåêàåò µ̄ = βηξ̂ + µ̂, ν̄ = γξξ̂c + βb2η
2ξ̂c/2 + βηη̂ + δηξ̂c + ν̂, χ1 = βvξ̂ + p̂,

χ2 = γuξ̂c + βb2v
2ξ̂c/2 + βvη̂ + (b2a3 + δ)vξ̂c + q̂. Òàêèì îáðàçîì, ïîëó÷åíû

ðàâåíñòâà (10).

Ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèÿ êîîðäèíàò x è y ñ÷èòàåì Ā 6= 0 è

B̄ 6= 0.
Ïóñòü det Ā = ca21 = 0, òîãäà èç ëåììû 2 det B̄ = ca22 = 0, òî åñòü

Ā =

(
0 0
b1 0

)
, B̄ =

(
0 0
b2 0

)
, ïðè÷åì b1 6= 0, b2 6= 0. Çíà÷èò ñèñòåìà (12) â

ÿâíîé çàïèñè èìååò ñëåäóþùèé âèä:

x̄x = α, x̄y = β, ȳx = b1x̄+ γ, ȳy = b2x̄+ δ, b1 6= 0, b2 6= 0.

Äàëåå èíòåãðèðóÿ ýòó ñèñòåìó, ïîëó÷àåì (7).

Îñòà¼òñÿ ïîñëåäíèé ñëó÷àé, òî åñòü êîãäà det Ā 6= 0 è det B̄ 6= 0.
Ïðîèçâåä¼ì äîïóñòèìîå ñòðóêòóðîé �óíêöèîíàëüíûõ óðàâíåíèé ñè-

ñòåìû (1) ïðåîáðàçîâàíèå

X̄ ′ = UX̄ ⇒ X̄ = U−1X̄ ′,

X̄ ′

x = UX̄x = UAX̄ + UA1 = UAU−1X̄ ′ + UA1 = A′X̄ ′ + A′

1.

ñ íåâûðîæäåííîé ïîñòîÿííîé ìàòðèöåé U âòîðîãî ïîðÿäêà.

Ïåðâîå óðàâíåíèå èç ñèñòåìû (12) â ïðåæíèõ îáîçíà÷åíèÿõ ïðèíèìàåò

ñëåäóþùèé âèä:

X̄x = UAU−1X̄ + A1.

Èçâåñòíî (ñì. [11℄, ñ. 485), ÷òî ìàòðèöà A âòîðîãî ïîðÿäêà ñ âåùåñòâåí-

íûìè ýëåìåíòàìè ïðåîáðàçîâàíèåì A → UAU−1
ìîæåò áûòü ïðèâåäåíà

æîðäàíîâîé �îðìå:

Ā =

(
a1 0
0 ca1

)
. (13)
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Èç âûøå äîêàçàííîé ëåììû òîãäà âûòåêàåò

B̄ =

(
a2 0
0 ca2

)
. (14)

Çàìåòèì, ÷òî a1 6= 0, a2 6= 0.
Òîãäà ñèñòåìà (12) â ÿâíîì âèäå çàïèñûâàåòñÿ òàê:

x̄x = a1x̄+ α, x̄y = a2ȳ + β, ȳx = ca1x̄+ γ, ȳy = ca2ȳ + δ,

a1 6= 0, a2 6= 0, a1β = a2α, a1δ = a2γ. Èíòåãðèðóÿ ýòó ñèñòåìó, ïîëó÷àåì

x̄ = c1e
a1ξ+a2η − α/a1, ȳ = c2e

c(a1ξ+a2η) − γ/ca1.

Çàòåì íàéäåííîå ïîäñòàâëÿÿ â (4), ïîëó÷àåì (11).

Òåîðåìà 1 äîêàçàíà ïîëíîñòüþ.

�2. Ïîñòàíîâêà âòîðîé çàäà÷è.

�åøèì òåïåðü çàäà÷ó âëîæåíèÿ ìóëüòèïëèêàòèâíîé ÄÔÑ �ÄÌ ðàíãà

(2,2) ñ äâóõêîìïîíåíòíîé �óíêöèåé g(x, y, ξ, η) = (g1, g2) = ((x+ξ)y, (x+
ξ)η) â ÄÔÑ �ÄÌ ðàíãà (3,2) ñ äâóõêîìïîíåíòíîé �óíêöèåé f(x, y, ξ, η, µ, ν) =
(f 1, f 2) = (xξ + µ, xη + yξc + ν), c 6= 1. Îíà ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû

äâóõ �óíêöèîíàëüíûõ óðàâíåíèé

x̄ξ̄+ µ̄ = χ1((x+ ξ)y, (x+ ξ)η, µ, ν), x̄η̄+ ȳξ̄c+ ν̄ = χ2((x+ ξ)y, (x+ ξ)η, µ, ν),

ãäå, êàê è âûøå, x̄, ȳ, ξ̄, η̄, µ̄, ν̄ � äè��åðåíöèðóåìûå �óíêöèè ñîîòâåòñòâó-

þùèõ ïåðåìåííûõ. Ñ ó÷åòîì âûøå ââåäåííûõ ìàòðè÷íûõ îáîçíà÷åíèé ýòà

ñèñòåìà �óíêöèîíàëüíûõ óðàâíåíèé ïðèíèìàåò âèä (1). Âëîæåíèå îêàçû-

âàåòñÿ âîçìîæíûì, åñëè ñèñòåìà (1) èìååò õîòÿ áû îäíî íåâûðîæäåííîå

ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì (2).

Äè��åðåíöèðóåì ìàòðè÷íîå óðàâíåíèå (1) ïî ïåðåìåííûì x, y, ξ, η:

Ξ̄X̄x = yχu + ηχv, Ξ̄X̄y = (x+ ξ)χu,
Ξ̄ξX̄ + R̄ξ = yχu + ηχv, Ξ̄ηX̄ + R̄η = (x+ ξ)χv,

(15)

ãäå óæå u = (x+ ξ)y, v = (x+ ξ)η.
Äàëåå, èñêëþ÷èì â ïîëó÷åííûõ ðàâåíñòâàõ ïðîèçâîäíûå χu, χv:

Ξ̄X̄x = Ξ̄ξX̄ + R̄ξ, yΞ̄X̄y + ηΞ̄ηX̄ + ηR̄η = (x+ ξ)Ξ̄ξX̄ + (x+ ξ)R̄ξ

èëè

X̄x = Ξ̄−1Ξ̄ξX̄ + Ξ̄−1R̄ξ,
yX̄y = (x+ ξ)Ξ̄−1Ξ̄ξX̄ − ηΞ̄−1Ξ̄ηX̄ + (x+ ξ)Ξ̄−1R̄ξ − ηΞ̄−1R̄η.

(16)
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Òåîðåìà 3. Îáùåå íåâûðîæäåííîå ðåøåíèå �óíêöèîíàëüíîãî óðàâ-

íåíèÿ (1) ïðè c 6= 1, â êîòîðîì u = (x + ξ)y, v = (x + ξ)η, ñ òî÷íîñòüþ
äî ïîäõîäÿùåé çàìåíû êîîðäèíàò ìîæåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì

âèäå:





x̄ = αx+ a3 − a4/y, ȳ = γx+ b3/c+ b4/y
c − γa4/αy,

ξ̄ = ξ̂η, η̄ = −γξ̂cηc/α + η̂η,

µ̄ = ηξ̂(αξ − a3) + µ̂, ν̄ = ηη̂(αξ − a3) + (a3γ/α− b3/c)η
cξ̂c + ν̂,

χ1 = αvξ̂ − a4ξ̂v/u+ µ̂, χ2 = αvη̂ − a4η̂v/u+ b4ξ̂
cvc/uc + ν̂, c 6= 0,

(17)



x̄ = αx+ a3 − a4/y, ȳ = γx+ b3 ln y − a4γ/αy + b4,

ξ̄ = ξ̂η, η̄ = −γ/α + η̂η,

µ̄ = ηξ̂(αξ − a3) + µ̂, ν̄ = ηη̂(αξ − a3)− b3 ln η + ν̂,

χ1 = αvξ̂ − a4ξ̂v/u+ µ̂,
χ2 = αvη̂ − a4η̂v/u+ b3 ln(u/v) + b4 − a3γ/α+ ν̂, c = 0,

(18)

a3 = αξ − ηβ, b3 = γξ − ηδ − γ(1− c)a3/α;





x̄ = ca3 − a4/y
1/c, ȳ = γx+ b3 + b4/y + kca4/(c− 1)y1/c,

ξ̄ = ξ̂η1/c, η̄ = kcξ̂cη/(c− 1) + η̂η1/c,

µ̄ = −ca3η
1/cξ̂ + µ̂, ν̄ = γξηξ̂c −

(
b3 + kc2a3/(c− 1)

)
ηξ̂c − ca3η

1/cη̂ + ν̂,

χ1 = −a4(v/u)
1/cξ̂ + µ̂, χ2 = γvξ̂c − a4(v/u)

1/cη̂ + b4ξ̂
cv/u+ ν̂, c 6= 0,

(19)

a3 = −ηβ, b3 = γξ − ηδ − kca3, k = 
onst, c 6= 0;





x̄ = a3y, ȳ = b1a3xy − ka3y + b3 ln y + b4,

ξ̄ = ξ̂/η, η̄ = b1ξ + k + η̂/η, µ̄ = µ̂, ν̄ = −b3 ln η + ν̂,

χ1 = a3ξ̂u/v + µ̂, χ2 = b1a3u+ a3η̂u/v + b3 ln(u/v) + b4 + ν̂,

(20)

b3 = γξ − ηδ + γηb2/b1, c = 0, k, a1, a2, a3, a4, b1, b2, b3, b4, α, β, γ, δ = 
onst.

Äîêàçàòåëüñòâî òåîðåìû 3. Ñèñòåìó (16) ïåðåïèøåì â ñëåäóþùåì

âèäå:

X̄x = ĀX̄ + Ā1, yX̄y = (x+ ξ)ĀX̄ − ηB̄X̄ + (x+ ξ)Ā1 − ηB̄1, (21)

ïðè÷åì Ā = Ξ̄−1Ξ̄ξ =

( (
ln ξ̄
)
ξ

0(
η̄/ξ̄
)
ξ
/ξ̄c−1 c

(
ln ξ̄
)
ξ

)
=

(
a1 0
b1 ca1

)
, Ā1 =

(
α
γ

)
,

B̄ = Ξ̄−1Ξ̄η =

( (
ln ξ̄
)
η

0(
η̄/ξ̄
)
η
/ξ̄c−1 c

(
ln ξ̄
)
η

)
=

(
a2 0
b2 ca2

)
, B̄1 =

(
β
δ

)
.
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Ëåììà 4. Â ñèñòåìå (21) Ā = 
onst, Ā1 = 
onst, ηB̄ξ = Ā, (ηB̄)η = 0,
B̄µ = 0, B̄ν = 0 èëè B̄ = ξĀ/η + K̄/η, K̄ = 
onst.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðîäè��åðåíöèðóåì ïåðâîå óðàâíå-

íèå â (21) ïî x è ξ, à òàêæå ïî y è ξ: ĀξX̄x = 0, ĀξX̄y = 0, ñëåäîâàòåëüíî, ñî-
ãëàñíî ïåðâîìó íåðàâåíñòâó â (2) ïîëó÷àåì Āξ = 0. Åñëè àíàëîãè÷íî äè�-
�åðåíöèðîâàòü ïî η, µ, ν, à òàêæå ïî x è y, òî ïîëó÷èì Āη = Āµ = Āν = 0,
ïîýòîìó Ā = 
onst. Ñëåäîâàòåëüíî Ā1 = 
onst. Àíàëîãè÷íî ðàññóæäàÿ,

ïîëó÷àåì îñòàëüíûå ðàâåíñòâà.

Ëåììà 5. a1 = 0, (ηa2 + 1)b1 = 0, −ηĀB̄1 = −ηB̄Ā1 + Ā1.
Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà íåîáõîäèìî ïåðâîå óðàâíåíèå â

(21) ïðîäè��åðåíöèðîâàòü ïî y, à âòîðîå ïî x:

X̄xy = ĀX̄y, yX̄yx = (x+ ξ)ĀX̄x + ĀX̄ − ηB̄X̄x + Ā1.

Çíà÷èò

yĀX̄y = (x+ ξ)ĀX̄x + ĀX̄ − ηB̄X̄x + Ā1.

Çàòåì ïîäñòàâëÿåì ïðîèçâîäíûå èç (21), ïîëó÷àåì

Ā((x+ ξ)ĀX̄ − ηB̄X̄ + (x+ ξ)Ā1 − ηB̄1)
= (x+ ξ)Ā(ĀX̄ + Ā1) + ĀX̄ − ηB̄(ĀX̄ + Ā1) + Ā1.

Ïðèâîäÿ ïîäîáíûå, èìååì:

Ā(−ηB̄X̄ − ηB̄1) = ĀX̄ − ηB̄(ĀX̄ + Ā1) + Ā1.

Äàëåå äè��åðåíöèðóÿ ïî x è y, ïîñëå ÷åãî ó÷èòûâàÿ ïåðâîå íåðàâåíñòâî

â (2), ïîëó÷àåì η[Ā, B̄] = −Ā, ïîýòîìó −ηĀB̄1 = −ηB̄Ā1+ Ā1. Ïî ïåðâîìó

ðàâåíñòâó èìååì η

(
0 0

b1a2 − a1b2 0

)
= −

(
a1 0
b1 ca1

)
. Ñðàâíèâàÿ êîý��èöè-

åíòû ìàòðèö ñëåâà è ñïðàâà, ïîëó÷àåì a1 = 0, η(b1a2 − a1b2) = −b1 èëè

ηb1a2 = −b1. Â ðåçóëüòàòå ïðèõîäèì ê óòâåðæäåíèþ ëåììû.

Âîçâðàùàåìñÿ ê äîêàçàòåëüñòâó òåîðåìû.

Èç ëåìì 5 è 4, ó÷èòûâàÿ ïåðâîå íåðàâåíñòâî â (2), âûòåêàþò ñëó÷àè:

1). Ā =

(
0 0
0 0

)
, B̄ =

(
1/η 0

γ(1− c)/αη c/η

)
, Ā1 =

(
α
γ

)
, α 6= 0;

2). Ā =

(
0 0
0 0

)
, B̄ =

(
1/cη 0
k/η 1/η

)
, Ā1 =

(
0
γ

)
, c 6= 0, γ 6= 0, k = 
onst;

3). Ā =

(
0 0
b1 0

)
, B̄ =

(
−1/η 0

(ξb1 + k)/η −c/η

)
, Ā1 =

(
0
γ

)
, B̄1 =

(
−γ(c + 1)/ηb1

δ

)
, b1 6= 0, k = 
onst.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 87-101

Mat. Trudy, 2025, V. 28, N. 2, P. 87-101



98 �åøåíèå äâóõ ñèñòåì �óíêöèîíàëüíûõ óðàâíåíèé

Ñíà÷àëà ðàññìîòðèì ïåðâûé ñëó÷àé. �àñïèøåì â ÿâíîì âèäå óðàâíå-

íèÿ èç (21):

x̄x = α, ȳx = γ, yx̄y = −x̄+ (x+ ξ)α− ηβ,
yȳy = −γ(1− c)x̄/α− cȳ + (x+ ξ)γ − ηδ.

Èíòåãðèðóÿ ýòó ñèñòåìó, ïîëó÷àåì x̄ = αx + a3 −
a4
y
, ȳ = γx +

b3
c
+

b4
yc

−

γa4
αy

, a3 = αξ − ηβ = 
onst, b3 = γξ − ηδ − γ(1 − c)a3/α = 
onst, c 6= 0. Èç

�îðìóë îïðåäåëÿþùèõ ìàòðèöû Ā è B̄ âûòåêàåò: ξ̄ = ξ̂η, η̄ = −
γ

α
ξ̂cηc+ η̂η.

Äàëåå èäåì â �îðìóëû (16) µ̄ = ηξ̂(αξ − a3) + µ̂, ν̄ = ηη̂(αξ − a3) + (a3γ
α

−
b3
c
)ηcξ̂c + ν̂. Çàòåì èäåì â óðàâíåíèå (1): χ1 = αvξ̂ − a4

v

u
ξ̂ + µ̂, χ2 = αvη̂ −

a4
v

u
η̂ + b4

vc

uc
ξ̂c + ν̂. Â èòîãå ïîëó÷àåì (17).

Åñëè æå c = 0, òî èíòåãðèðóÿ ïîñëåäíþþ ñèñòåìó, ïîëó÷àåì x̄ = αx+

a3 −
a4
y
, ȳ = γx + b3 ln y −

a4γ

αy
+ b4. Äàëåå èäåì â �îðìóëû (16), çàòåì â

óðàâíåíèå (1). Â èòîãå ïîëó÷àåì (18).

�àññìîòðèì âòîðîé ñëó÷àé. �àñïèøåì â ÿâíîì âèäå óðàâíåíèÿ èç (21):

x̄x = 0, ȳx = γ, yx̄y = −x̄/c− ηβ, yȳy = −kx̄− ȳ + (x+ ξ)γ − ηδ.

Èíòåãðèðóÿ, ïîëó÷àåì x̄ = ca3 −
a4
y1/c

, ȳ = γx + b3 +
b4
y

+
kca4

(c− 1)y1/c
, a3 =

−ηβ = 
onst, b3 = γξ − ηδ − kca3 = 
onst, c 6= 0. Äàëåå íàõîäèì: ξ̄ = ξ̂η1/c,

η̄ =
kc

c− 1
ξ̂cη+η̂η1/c, µ̄ = −ca3η

1/cξ̂+µ̂, ν̄ = γξηξ̂c−(b3+
kc2a3
c− 1

)ηξ̂c−ca3η
1/cη̂+

ν̂. È, íàêîíåö, ïîäñòàâëÿÿ íàéäåííîå â (1), ïîëó÷àåì χ1 = −a4(
v

u
)1/cξ̂ + µ̂,

χ2 = γvξ̂c − a4(
v

u
)1/cη̂ + b4

v

u
ξ̂c + ν̂. Â èòîãå èìååì (19).

È, íàêîíåö, òðåòèé ñëó÷àé ïðèâîäèò ê ñèñòåìå äè��åðåíöèàëüíûõ

óðàâíåíèé:

x̄x = 0, ȳx = b1x̄+ γ, yx̄y = x̄+ γ(1 + c)/b1,
yȳy = (x+ ξ)b1x̄− ηb2x̄+ cȳ + (x+ ξ)γ − ηδ.

Äè��åðåíöèðóÿ ïîñëåäíåå ïî x, ïîëó÷àåì cb1 = 0, ñëåäîâàòåëüíî c = 0.

Òîãäà x̄ = a3y −
γ

b1
, ȳ = b1a3xy + a4y + b3 ln y + b4, a4 = b1a3ξ − b2a3η =


onst, b3 = γξ − ηδ + γηb2/b1 = 
onst, c 6= 0. Äàëåå íàõîäèì: ξ̄ = ξ̂/η, η̄ =
b1ξ+k+ η̂/η, µ̄ξ = 0, µ̄η = −γξ̄/b1η

2
, ν̄ξ = γb1, ν̄η = −γη̄/b1η

2−b3/η+γb1ξ/η,
a4 = −ka3, γ(1 − b1) = 0. Èç ðàâåíñòâà ñìåøàííûõ ïðîèçâîäíûõ ν̄ξη = ν̄ηξ
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è ïåðâîãî íåðàâåíñòâà â (2) âûòåêàåò γ = 0, a3 6= 0. Ïîýòîìó µ̄ = µ̂,

ν̄ = −b3 ln η + ν̂. Ïîäñòàâëÿÿ íàéäåííîå â (1), ïîëó÷àåì χ1 = a3
u

v
ξ̂ + µ̂,

χ2 = b1a3u+ a3η̂
u

v
+ b3 ln

u

v
+ b4 + ν̂. Â èòîãå èìååì (20).

Òåîðåìà 3 äîêàçàíà ïîëíîñòüþ.

Çàêëþ÷åíèå.

Ñ�îðìóëèðîâàííàÿ âûøå çàäà÷à âëîæåíèÿ ïîëíîñòüþ ðåøåíà. Ïîëó-

÷åííûå ðåøåíèÿ îáîáùàþò ñîîòâåòñòâóþùèå ðåçóëüòàòû, ïðèâîäèìûå

â ñòàòüå [5℄.
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